We describe all classes of inhomogeneous, transversely isotropic elastic media for which the sheets associated to each wave mode are ellipsoids. These media have the property that elastic waves in each mode propagate along geodesic segments of certain Riemannian metrics. We study the intersection of the sheets of the slowness surface for these media, and, in view of applications to the analysis of propagation of singularities along rays, we give pointwise conditions that guarantee that the sheet of the slowness surface corresponding to a given wave mode is disjoint from the others. We also investigate the smoothness of the associated polarization vectors as functions of position and direction. We employ coordinate and frameindependent methods, suitable to the study of the dynamic inverse boundary problem in elasticity.
INTRODUCTION AND MAIN RESULTS
In this paper we consider inhomogeneous, transversely isotropic elastic media for which the associated slowness surface has ellipsoidal sheets. Transverse isotropy is characterized by the property that at each point the elastic response of the medium is isotropic in the plane orthogonal to the so-called 1ber direction. We consider media in which the fiber direction may vary smoothly from point to point. Examples of transversely isotropic elastic media include hexagonal crystals and biological tissue, such as muscle.
Deformations in elastic media are described by solutions of a 3 1 3 system of partial differential equations. In the small deformation regime this system reduces to the following linear, nonconstant-coefficient system: where the elastic body is represented by a bounded region 6 7 1 3 with smooth boundary, and the density and elastic parameters are modeled by the C 8 364-smooth function 1 and rank-4 tensor field C. The vector-valued function u3x2 t4 gives the displacement after time t of a point initially at position x 2 3x 1 2 x 2 2 x 3 4. (See Section 2.1.)
Slowness surfaces arise naturally in the study of elastic wave propagation. In the case of constant density 1 and elasticity tensor C, a plane wave with wave normal n will be a solution of (1) if the speed c3n4 of the front with normal n satisfies a certain characteristic condition. When the coefficients of (1) are not constant, plane waves do not generally satisfy (1) , but any solution can be approximated locally near a point as a superposition of plane waves. The characteristic condition is given by det 6 6 31 7 ik 9 C i jkl s j s l 6 6 2 0
in terms of the slowness variable s 2 n8c3n4 2 189 , where 9 21 are dual variables to t2 x.
(Here, and throughout the paper, we use the convention of summation over repeated indices, and we generally omit the explicit dependence on x.) Equation (2) defines the degree-6 slowness surface as the locus of points 3x2 s4 where the principal symbol 319 2 7 ik 9 C i jkl j l of P 12C is not invertible. The mth eigenvalue 1[39 2 9c
2 m 3x2 14] of the principal symbol is homogeneous of order 2 in 1, and so the slowness surface consists of the three sheets 9 2 2 c 2 m 314: that is, c 2 m 3s4 2 1. The mth family of waves, or mth wave modes, are disturbances propagating along characteristics corresponding to the mth eigenvalue. (For example, in isotropic elastic media there are two elastic wave modes, the shear and compressional modes.) We write v m 3s4, m 2 12 22 3, for the three non-collinear eigenvectors, called the polarization vectors. To first order the speed of propagation of the wave front of the mth mode is given by c m 3s42 s 2 12 m 2 12 22 3, and the direction of displacement for the mth mode is given by the polarization vector v m 3s4. We refer, for instance, to Musgrave [1] for a discussion of wave propagation in crystals.
In this paper we study the slowness surfaces and polarization vectors for certain classes of transversely isotropic media. Our main motivation is the microlocal analysis of propagation of singularities along rays for the system (1) . In [2] we apply this analysis to the inverse problem of determining the elastic moduli in the interior from dynamic displacement-totraction measurements made at the surface. In these applications the interior of the elastic body is generally not directly accessible, and it is important to consider inhomogeneous materials. For these reasons we work in a coordinate and frame-independent fashion.
When each of the sheets of the slowness surface is ellipsoidal, it can be written in the especially simple form 1 2 s t G 31 3x4s, with G3x4 a symmetric, positive-definite matrix. If this is the case for all points x 4 6, rays along which each wave family propagates are (piecewise) geodesic segments with respect to the Riemannian metrics G, and the mathematical description of wave propagation is considerably simplified. More generally, rays are integral curves of Hamiltonian functions, which, when the Hamiltonian is regular, are geodesics of Finsler metrics [3, Chapter 1, Section 1], [4, Section 1.1], [5] .
In the case of homogeneous, ellipsoidal, transverse isotropy the analysis of the system (1) can be simplified by decoupling the system into linear, scalar wave equations for each of the wave modes. To this end Burridge et al. [6] present the Green tensor on 1 3 for this case in terms of fundamental solutions of these scalar wave equations. General transversely TRANSVERSELY ISOTROPIC ELASTIC MEDIA 613 isotropic elastic media have been studied by comparing with those having ellipsoidal slowness surfaces. In fact, Chadwick [7] considers transversely isotropic elastic media that are inextensible in the fiber direction via a limiting process from a space of transversely isotropic elastic media with ellipsoidal slowness surfaces1 see also Daley and Lines [8] .
From the point of view of the inverse problem we distinguish the case in which the slowness surface is a union of ellipsoids from the case in which each sheet c 2 m 3s4 2 1 is an ellipsoid. In the first case wave propagation can be described in terms of Riemannian metrics, but rays may change from one mode to another at intersection points of the sheets of the slowness surface, while in the second case rays can be described as geodesics of the Riemannian metric G m associated with a particular mode c 2 m 3s4 2 1, and rays do not change mode. This observation motivates our detailed study of the intersections of the sheets of the slowness surface. Media with ellipsoidal slowness surfaces are referred to as ellipsoidal media, while we refer to those with ellipsoidal sheets of the slowness surface as having geodesic wave propagation (GWP). We make this distinction, because in the case of GWP the metrics G m , m 2 12 22 3, can be recovered from information about the propagation of singularities in the solution of the system (1), and each of them in turn carries information about the material parameters 12C.
We present here all possible classes of transversely isotropic elastic media with geodesic wave propagation: two families denoted by (GWP1) and (GWP2), parametrized by four elasticity parameters, together with the density 1 in the dynamic case, and two parameters for the fiber direction k3x4 which we allow to vary from point to point. General transversely isotropic media are described by five elasticity parameters.
Classes of elastic media similar to (GWP1) and (GWP2), denoted here by (Q1) and (Q2), for which the slowness surface is a union of ellipsoids, have been studied by many authors. The conditions (Q1) and (Q2) are introduced by Rudzki [9] , and studied by Helbig [10] [11] , Payton [12] [13] , Chadwick [7] , Chadwick and Norris [14, (1.1)-(1.2)], Burridge et al. [6, (3.13) , (6.13)], and Bakker [15] , for example. The results in these papers are in terms of a special basis relative to the fiber direction. Here we consider a general basis. While (GWP2) and (Q2) coincide, (GWP1) is a proper subclass of (Q1). There is one additional class [14, (1. 3)] of anisotropic elastic media for which all three modes are ellipsoidal, a case of orthotropic elasticity.
We derive the conditions (Q1) c 13 9 c 44 2 0 and (Q2) 3c 13 9 c 44 4 2 2 3c 11 3 c 44 43c 33 3 c 44 4 in Section 4. These conditions characterize transversely isotropic elastic media with sheets of the slowness surface of the form 1 2 c 2 3s4 2 p q, where p3s42 q3s4 are homogeneous polynomials of degree 2 in s. We then obtain new conditions (GWP1) for the case (Q1)1 (GWP1) and (Q2) = (GWP2) guarantee that the sheets 1 2 c 2 3s4 of the slowness surface are given in terms of polynomials c 2 3s4 in s. It follows that the eigenvalues of the principal symbol of P 12C are smooth functions of x and 1, a condition important in microlocal analysis.
Our derivation is based on Theocaris and Philippidis' [16] spectral representation of the transversely isotropic elasticity tensor, and is independent of a choice of frame for the tangent bundle. Working in a frame-invariant setting is natural in studying elastodynamics from a differential-geometric point of view. We employ this point of view in [17] , where we consider the pullback of an elasticity tensor, and study the type of anisotropy that occurs in the orbits of anisotropic elasticity tensors under the action of pullback by a diffeomorphism, and in [2] , where we show that the travel time of a wave mode through an anisotropic elastic object is determined by traction-displacement surface measurements in the case that the corresponding sheet of the slowness surface is disjoint from the others. For transversely isotropic elastic media with slowness surfaces having ellipsoidal sheets, we then apply the results of this paper to conclude in [2] that two of the elasticity parameters are partially determined by dynamic surface measurements. Our methods are especially suited to treat non-homogeneous materials.
The disjoint mode condition is not restrictive from the point of view of actual physical media. By a simple computation (using Maple) we find that each of the 204 transversely isotropic elastic materials listed in [18, pages 39-49 ] has a disjoint mode, and two (a form of the ceramic BaTiO 3 , and a polymer polymethyl methacrylate (Perspex)) are very close to GWP, in particular (GWP2).
To prove the uniqueness of the travel times of the disjoint mode in general anisotropic media, in [2] we apply techniques from microlocal analysis to study wave propagation. Microlocal analysis of wave propagation may be seen as an extension of the classical ray-tracing approach well known in seismic exploration. From that point of view an elastic medium has GWP if the determinant of the principal symbol of the operator P 12C in (1), i.e., the determinant of 319 2 I 3 Q3n41 2 , where Q3n4 is the acoustical tensor, may be factored at each x 4 6 as
where the G i are smooth, symmetric, positive-definite matrices depending only on the position x. The principal symbol is formally obtained from P 12C by replacing D t 2 3i5 t with the frequency 9 , and each partial derivative D j 2 3i 5 x j , j 2 12 22 3, with the jth-component of the dual vector 1. The three eigenvectors v i 2 v i 314 of the principal symbol are the polarization vectors introduced before. The wave normal n corresponds to the dual vector 1 divided by its length. Microlocal analysis seeks approximations to solutions of partial differential equations, such as (1) , in the form of oscillatory integrals or superpositions of waves with nonconstant amplitude and phase. For each wave mode, the phase function satisfies an eikonal equation, a non-linear partial differential equation that can be directly obtained from the equation describing each sheet of the slowness surface. We present the slowness surfaces (and so the eikonal equations) for transversely isotropic media with GWP in Section 4. (For an introduction to microlocal analysis and oscillatory integrals, we refer for example to the monograph [19] . ) We derive mild conditions on the material parameters in Corollaries 2 and 3 ensuring that the light cone (or the sheet of the slowness surface) associated with one wave mode is always disjoint from the others. In these cases the corresponding eigenvector (or polarization vector) is smooth as a function of position x and direction 1. In [2] we observe that since the eigenvector associated with the disjoint mode is smooth everywhere, then, informally, the operator P 12C in (1) can be (partially) factored and the analysis of the component for that particular wave mode reduces to the analysis of a scalar differential operator. When the sheet of the slowness surface associated with the disjoint mode is ellipsoidal, this operator gives rise to an anisotropic wave equation of the form TRANSVERSELY ISOTROPIC ELASTIC MEDIA 615
where G is one of the metrics G i appearing in the factorization (3), L is a first-order operator, and G u is given by G kl 5 x k 5 x l u, plus lower-order terms. When the slowness surface is a union of ellipsoids, but the media is not GWP, e.g. in the class (Q1)2(GWP1), this reduction does not apply.
Smoothness of an eigenvector can fail if the multiplicity of the corresponding eigenvalue changes, that is, if two distinct sheets of the slowness surface intersect. We find that, for transversely isotropic media with GWP, two of the three sheets always intersect, and there are only two types of intersection: (1) tangential intersection along the fiber direction k, or (2) coincident modes, i.e., two of the three wave modes agree everywhere. Coincident modes occur, for example, in isotropic elastic media, but in Section 4 we present a case of transversely isotropic media with coincident modes which does not reduce to isotropic.
The paper is organized as follows. We discuss the equations for elastodynamics and introduce the spectral representation for the transversely isotropic elasticity tensor in Section 21 we define certain convenient combinations A2 B2 C of the material parameters and describe the sheets of the slowness surface for general transversely isotropic elastic media in Section 31 and we derive the conditions (Q1), (Q2) = (GWP2), and (GWP1) that guarantee ellipsoidal slowness surfaces in Section 4. In Section 5 we give conditions under which any two of the sheets of the slowness surface intersect, and we describe conditions under which the type of intersection changes by classifying all positive-definite, transversely isotropic elastic media in terms of the so-called anellipticity parameter a C 2 C 9 L , where L is the longitudinal shear modulus. In Section 6 we describe all strongly elliptic, ellipsoidal, transversely isotropic elastic media having a disjoint sheet of the slowness surface, and we study the polarization vectors for transversely isotropic elastodynamics with GWP. Finally, we collect some of the more technical proofs and derivations in Section 7.
PRELIMINARIES

The Equations for Linear Elastodynamics
We consider a three-dimensional elastic object represented by a bounded region 6 in 1 3 with smooth boundary 56 We denote a point in 6 by x 2 3x 1 2 x 2 2 x 3 4. The density and elastic parameters are modeled by the C 8 364-smooth function 13x4 and rank-4 tensor field C3x4. The elasticity tensor in the case of general hyperelasticity has the symmetry properties
and is (uniformly) strongly elliptic on 6 if there is a constant c 0 such that, for any x 4 6,
The elasticity tensor is positive-definite on 6 if, for any x 4 6, C i jkl 3x4E
i j E kl 0 for any symmetric matrix E 2 0.
The displacement after time t of a point initially at position x is represented by the vector-valued function u3x2 t4 2 3u 1 3x2 t42 u 2 3x2 t42 u 3 3x2 t44 associated with the system of differential operators (1). Strong ellipticity is needed for well-posedness of the Cauchy problem for P 12C . We refer to [20] , p. 369 (see also [21] , Theorem III.4.1), for conditions under which existence and uniqueness holds.
Spectral Decomposition of the Elasticity Tensor for Transversely Isotropic Elastodynamics
Our aim in this paper is to study transversely isotropic elastodynamics from a basis and coordinate-invariant point of view. This approach is critical in the differential-geometric setting of [2] , [17] , for example. There, and in current work, we consider the pullback of an elasticity tensor, and study the type of anisotropy that occurs in the orbits of anisotropic elasticity tensors under the action of pullback by a diffeomorphism. We begin by considering the spectral representation of the elasticity tensor C for transversely isotropic elastodynamics, obtained by Theocaris and Philippidis in [16, (5) , (12), (29)- (31)], as
where the matrices a, b, f, and g are given in terms of a unit vector k in the direction of the axis of transverse isotropy, and a scalar , which is defined in (9) . In fact, a 2 k k2 b 2 I 3 a2 f 2 a sin34 9 b cos348 22 g 2 3a cos34 9 b sin348 2
In vector form
where is the usual tensor product 3A B4 i jkl 2 A i j B kl , and , and are defined by
The elasticity tensor C is positive-definite iff the eigenvalues i are all positive. By [16, (28) , (31)] we write the spectral representation in terms of the material parameters (the transverse and longitudinal Young's moduli E T 2 E L , Poisson's ratios T 2 L , and shear moduli T 2 L ):
We introduce the notation sin 2 1, where sin324 2 3 sin 28 9 r 2 3m 3 t4 2 9 2, and the sign sin is determined by sin 
Here, k represents any vector orthogonal to k. (See (10) and (14).) We also recall the relation 2 T 2 E T 831 9 T 4.
THE SLOWNESS SURFACE FOR GENERAL TRANSVERSELY ISOTROPIC ELASTIC MEDIA
We simplify the coordinate-invariant spectral representation (9) of the transversely isotropic elasticity tensor (7) by introducing the following combinations A2 B2 C of the material parameters (the transverse and longitudinal Young'
Definition of Certain Combinations of the Material Parameters
In terms of the spectral representation of C these parameters are
We observe in the isotropy example below that A 9 T 2 B, and C 9 2 T are generalizations of the expression 9 2 for isotropic elastic media.
We relate A2 B2 C2 T 2 L to the components c i j (with respect to an orthonormal basis e 1 2 e 2 2 e 3 with e 3 2 k) of the transversely isotropic elasticity tensor C by comparing the presentation of the slowness surfaces in [6] , [14] [15] , with those we derive in Section 4: Writing the material parameters 2 T 2 2 L 2 E T 2 E L in terms of A2 B2 C2 3 T . Given (9) and (10), we write In fact, it follows from A 0 and AB C 2 0 that B 0 and 3 4 0, and so 3 9 4 2 s 2 2A 9 B 0. Therefore, 3 
Strong Ellipticity Conditions.
The elasticity tensor C is strongly elliptic at a material point
The strong ellipticity of C is equivalent to the positive-definiteness of the associated acoustical tensor Q3n4. Necessary and sufficient conditions for strong ellipticity of the transversely isotropic elasticity tensor are given by Merodio and Ogden [22, (2.9) 
and
Computing the Principal Symbol of the Operator for Transversely Isotropic Elastodynamics. Propagation of singularities for (1) is described in terms of the behaviour of the matrix-valued principal symbol 319 2 I 9 C[212 21] of the operator P 12C for elastodynamics. The principal symbol of the elliptic part agrees with the acoustical tensor Q(n) from the elasticity literature (e.g., [23] 
We first write the transversely isotropic elasticity tensor C in an especially simple form. We define for vectors v2 w by 3v w4 i j 2 318243 i j 9 i j 4 and for 2-tensors A2 B by
Then, referring to the spectral representation (7), (9), we write C explicitly only in terms of scalars, the identity matrix I, and the fiber direction k (via a 2 k k). (See [7, (2. 2)], for example, for a presentation in terms of components c i j of the elasticity tensor given in terms of special bases.) In particular, we conclude that the elasticity tensor for transversely isotropic elastodynamics is given by
It follows that the principal symbol of the operator P 12C for transversely isotropic elastodynamics has the form 319 2 I 9 C[212 21], where
Example: Isotropy. The transversely isotropic elasticity tensor reduces to the isotropic elasticity tensor C iso 2 3I I4 9 3I I4, where and are the Lamé parameters, if and only if
The spectral representation of the isotropic elasticity tensor is C iso 2 33 9 243I I483 9 [I I 3 23I I483]. The positive-definiteness conditions (11) for isotropic elasticity are 3 9 2 0 and 0 (which implies 9 0). The strong ellipticity conditions (12) and (13) 
Computing the Eigenvalues of the Principal
where
Here we decompose 1 2 1 k 9 1 k , with 
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CONDITIONS FOR ELLIPSOIDAL TRANSVERSELY ISOTROPIC ELASTIC MEDIA
Pointwise Conditions so that the Slowness Surface is a Union of Ellipsoids. The slowness surface is a union of ellipsoids if the factors 9 2 3 c 2 3x214 have c 2 2 p q with p3x2142 q3x214 that are homogeneous polynomials of degree 2 in 1. It follows from factoring the determinant of the principal symbol of P 12C that the slowness surface is a union of ellipsoids if and only if one of the two following conditions holds: (Q1) L 9 C 2 0, i.e., c 13 In these cases we can label the c m 2 m 2 12 22 3, as c 0 2 c , where
and Q 2 31 for (Q1), while Q 2 91 for (Q2). Note that the absolute value is not needed in (19) 
and B 3 L have the same sign (i.e., L is smaller than, or larger than, both of A 9 T and B).
The reduction of (Q1) to isotropy via (16) results in media that is strongly elliptic, but not positive-definite since A 2 C 9 2 0. The reduction of (Q2) to isotropy via (16) results in media that is both strongly elliptic and positive-definite.
In each of the cases (Q1) and (Q2) the strong ellipticity conditions (12) and (13) reduce to (12) . In fact, the condition L 2 [3A 9 T 4B 3 C 2 ]8[A 9 T 9 B 9 2C] for (Q2) may be written as L 3A 9 T 9 B4 9 3 L 9 C4 2 2 3 A 9 T 4B 9 2 L , and so in the case of (Q2) (13) may be stated as
L , which holds trivially given (12) . 
Pointwise Conditions so that Each of the
In these cases we can label the c m 2 m 2 12 22 3, as c 0 2 c , where
In other words, in case (GWP1) the sheets of the slowness surface are given by
while in case (GWP2) they are
where s k 2 s 3 3s k4k, s k 2 3s k4k,
Examples: Ellipsoidal Cases Close to Isotropy. An example of transverse isotropy with GWP is the case with both (GWP1) and (GWP2): 11 2 c 33 2 c 44 2 3c 13 .
The sheets of the slowness surface in this case are
This case reduces to isotropic iff T 2 L (iff A 2 0).
Another example is that of (GWP2) with T 2 L :
i.e., 4c 44 2 4c 66 2 33c 11 9 5c 12 4 9 3c 11 9 c 12 43c 11 9 9c 12 9 8c 33 4.
This expression for T is real and positive since A 2 9 4A3B 9 C4 3A 9 2C4 2 5 0 by (11) .
The sheets of the slowness surface in this case are 
DESCRIBING THE TYPE OF INTERSECTION OF THE SHEETS OF THE SLOWNESS SURFACE FOR TRANSVERSELY ISOTROPIC ELASTIC MEDIA
We see from the representation (18) of the quasi-compressional (QC), quasi-shear (QS), and pure shear (PS) wave speeds
that the wave speeds (and sheets 1 2 c 2 3s4 of the slowness surface for transversely isotropic elastic media depend on C only via 3C 9 L 4 2 . In fact, we can view the class of transversely isotropic elastic media as the union of families with each family parametrized by what we will call the anellipticity parameter a C 2 C 9 L . By varying this single parameter, we change the slowness surface only away from the fiber and the isotropic plane. The term anellipticity refers to the fact that the slowness surface is ellipsoidal only at the particular values a C 2 0 (when the slowness surface is type (Q1)) and a C slowness surface is type (Q2) ).
In the following proposition we describe conditions under which the sheets of the slowness surface intersect. Payton [12, p. 693-695] shows that the quasi-shear and quasicompressional sheets of the slowness surface are distinct when 3A
and that in the positive-definite, ellipsoidal case with A 9 T L and B L the pure shear sheet intersects the quasi-shear and quasi-compressional sheets only at the fiber, or is coincident with the quasi-shear sheet. Following the proposition we specify how the type of intersection depends on the anellipticity parameter a C , and we plot cases representative of each type of intersection in Figures 1, 2 , and 3. (In general, the type of intersection may change only when a C passes from a C 2 0 to a C 0 or when a C passes through the critical value a
3 L 4 appears also in Chadwick's classification of positive-definite, transversely isotropic elastic media in [7] .
Proposition 1. (Conditions under which the sheets of the slowness surface intersect for positive-definite, transversely isotropic elastic media).
The quasi-compressional and pure shear sheets of the slowness surface intersect at the fiber if and only if B L , and do not intersect otherwise.
The quasi-shear and pure shear sheets of the slowness surface intersect 1) at the fiber if and only if B 5 L , 2) on the cone 1 k
2 and T 2 L , and 4) nowhere otherwise. The quasi-compressional and quasi-shear sheets of the slowness surface intersect 1) everywhere if and only if A 9 T 2 L , B 2 L , and C 9 L 2 0, 2) on the isotropic plane if and only if A 9 T 2 L , 3) at the fiber if and only if B 2 L , and 4) on the cone
and C 9 L 2 0, and 5) nowhere otherwise.
We prove Proposition 1 in Section 4.
We conclude from Proposition 1 that the type of intersection of the sheets of the slowness surface (in the case of positive-definiteness) depends on the anellipticity parameter a C in the following ways:
(1) In the case that A3B 3 L 4 5 0 (a) the quasi-shear and pure shear sheets of the slowness surface intersect at points away from the fiber and away from the isotropic plane when
, and these sheets do not intersect at the fiber or on the isotropic plane when, varying only C, A3 T 
2 ] becomes negative1 (b) in the case T 2 L the quasi-shear and pure shear sheets are coincident at the critical value 3C 9 L 4 2 2 A3B 3 L 4, while, if we vary C so that 3C 9 L 4 2 2 A3B 3 L 4, then they intersect only on the isotropic plane (and possibly at the fiber).
TRANSVERSELY ISOTROPIC ELASTIC MEDIA 625 Figure 1 . Types of intersection of the sheets of the slowness surface for positive-de1nite, transversely isotropic elastic media in families that have distinct (Q1), (Q2), and critical anellipticity values. Recall that the anellipticity value a C 2 C 9 L for (Q1) is given by a C 2 0, for (Q2) by a (2) The quasi-compressional and quasi-shear sheets of the slowness surface are coincident if and only if A 9 T 2 L , B 2 L , and C 9 L 2 01 when we vary only C so that C 9 L 2 0, the corresponding sheets of the slowness surface intersect only at the fiber and on the isotropic plane. In addition, these sheets intersect on the cone B 2 L , C 9 L 2 01 but if C is varied so that C 9 L 2 0, then they intersect nowhere if A 9 T 2 L and only on the isotropic plane if A 9 T 2 L .
Our results diverge slightly from those of Chadwick [7] and Chadwick and Shuvalov [23] . Chadwick's classification is based on the positivity or negativity of the combinations, 
MORE ON ELLIPSOIDAL, STRONGLY ELLIPTIC TRANSVERSE ISOTROPY
In this section we first derive conditions under which strongly elliptic, ellipsoidal, transversely isotropic elastic media have a disjoint sheet of the slowness surface. We then describe the polarization vectors for transversely isotropic elastodynamics with (GWP).
Conditions for a Disjoint Sheet of the Slowness Surface for Ellipsoidal, Strongly Elliptic Transversely Isotropic Elastodynamics with GWP
In Table 1 we summarize the cases of GWP for which the third mode is disjoint from the others. The vertical axis represents the fiber direction k, and the horizontal axis represents any axis orthogonal to k. (Slowness surfaces for transverse isotropy have a rotational symmetry around the fiber direction k.) The circles in the figures have radius 18 L , and the double circle represents two sheets of the slowness surface that coincide for all 1. 
Although the disjoint mode is the fastest in three of the four cases (since its wave speed c3x214 is larger than the others), in fact, the disjoint mode is the slowest in one case for (CM1), when B L T A 9 T , i.e., c 33 c 44 c 66 c 11 .
For convenience sake we introduce an arbitrary (but simpler) labeling of the wave speeds for (GWP1) as follows:
and for (GWP2) by
The light cones are the loci of points 3t2 x2 9214 with 9 2 2 c Rays in the third mode are bounded away from the light cones for the other modes under the following conditions on the material parameters: 
Rays in the third mode are bounded away from the light cones for the other modes under the following conditions on the material parameters:
In the cases (CM1) and (CM2) of GWP with disjoint modes the only type of intersection that occurs is tangential intersection on the k axis, or coincident modes. (22) and (23) .
Then 
i.e., they do not intersect between their major and minor axes. are not generally smooth functions of 1 for each x, (and the corresponding sheets 1 2 p3s4 q3s4 of the slowness surface are not generally ellipsoids for each x, although the slowness surface is a union of ellipsoids). In the case of GWP the eigenvalues of the principal symbol are given in Section 4, and are smooth functions of x2 2 9. We order the eigenvalues as in (22) and (23) for (GWP1) and (GWP2).
The eigenvectors v i of the principal symbol of P 12C model the polarization vectors for each wave mode. The polarization vectors give (as a first approximation and in the case of systems of real principal type: see, for example, [24] and [25] ) the direction of displacement for the wave mode. In the case of (GWP1) our presentation agrees with that of Burridge et al. [6, (3.10) ] when restricting their work to transverse isotropy: i.e., when c 11 2 c 22 . In the case of (GWP2) our formulation is similar to that of Chadwick and Norris [14, (P3) 1 ] since A 9 T 9 C 2 3A 9 T 3 L 4 9 3C 9 L 4 2 a A 9 T 3 L 
In case (GWP2), when k 3 1, A 9 T 2 L , and B 2 L (that is, (GWP1) does not hold), it follows when the eigenvectors (23) are distinct that the corresponding (mutually orthogonal) eigenvectors are parallel to TRANSVERSELY ISOTROPIC ELASTIC MEDIA 633
If two of the eigenvalues agree (i.e., in case (GWP1), if either k 1 2 01 A 2 01 L 2 T and B 2 L 1 L 2 T and 1 k 2 01 A 9 T 2 L and B 2 L 1 or A 9 T 2 L and 1 k 2 01 or, in case (GWP2), if either k 1 2 01 L 2 T 1 A 2 0 and B 2 L 1 A 2 0 and 1 k 2 01 A 9 T 2 L and B 2 L 1 or A 9 T 2 L and 1 k 2 0), then the eigenvector v i corresponding to the distinct eigenvalue is given in (24) , or (25) , respectively, and the other two eigenvectors are restricted only in that they are orthogonal to the first. If all three eigenvalues agree, then there is no restriction on the corresponding eigenvectors.
We prove Proposition 6 in Section 4.
The quasi-compressional polarization vector is, in anisotropic media, approximately longitudinal, that is, in the direction of 1, while the quasi-shear polarization is approximately transverse to the propagating shear wave front, so is approximately orthogonal to 1. We conclude from Proposition 6, for example, that in case (GWP2) when A 9 T 2 L , or B 2 L and 1 is not orthogonal to k, we have that v 0 is quasi-shear, while, for example, if 2 b , and c are all positive, then v 1 is also quasi-shear, and v 2 is quasi-compressional. In particular, in case (GWP2) when A 9 T 2 L , or B 2 L and 1 is not orthogonal to k, we have that v 1 314 and v 2 314 lie in the 1-k-plane, are orthogonal, and form a right-handed system v 0 2 v 1 2 v 2 1 also, if A 9 T 2 L , then v 1 is always orthogonal to k, and v 2 is always parallel to k1 while if B 2 L or 1 k 2 0, then v 1 is always parallel to k, while v 2 is always orthogonal to k. If c b 0, then v 2 314 is parallel to the direction vector of the ellipse 1 k 2 83A 9 T 3 L 4 9 1 k 2 83B 3 L 4 2 1, and v 1 is quasi-transverse, while v 2 is quasi-longitudinal, since if A 9 T 3 L 2 B 3 L then v 1 314 1 2 0 and v 2 314 1 . Otherwise, if c a 0, then v 1 is a saddle vector field quasi-transverse to k and 3Span k4 , and v 2 is a saddle vector field quasi-along k and 3Span k4
, since if A 9 T 3 L 2 B 3 L then v 1 is a saddle vector field transverse to k and 3Span k4
, and v 2 is a saddle vector field along k and 3Span k4 .
It follows from Proposition 6 and the Implicit Function Theorem that: 
